In this short paper, we discuss an important compatibility condition which usually goes unmentioned when discussing classical flow problems in fluid mechanics. While results are presented from a supposedly purely mechanical perspective, in reality the problems need to be cast within a fully thermodynamic framework for them to make sense. This subtle issue warrants discussion and forms the subject matter of this short paper. It is shown that many classical solutions would not be possible if the problem is not cast within a thermodynamic framework with critical boundary conditions being specified for appropriate thermal quantities. While that this is so from a physical standpoint is quite obvious, we show here for the first time, that there has to be a certain compatibility between the rate at which work is done and the heat flux at the boundary.
Introduction
It is well known that classical solutions are not possible in the case of even linear partial differential equations unless the boundary conditions satisfy certain compatibility conditions (see e.g. [5, 4, 7] ). The same is also true when considering initial-boundary value problems, here in addition to the compatibility between the boundary conditions we also need to ensure that there is compatibility between the initial and boundary conditions. For instance, Bandelli et al. [1, 2, 3] show that the Rayleigh problem does not have a classical solution for a certain class of initial and boundary conditions due to incompatibility between them. The problems become even more interesting with regard to the existence of classical solutions when we have to deal with a system of equations as those that one encounters when dealing with heat transfer problems wherein one has the balance equations for mass, linear momentum, and energy to deal with. When dealing with a system of equations involving the velocity (or displacement) and the temperature (or its gradient), not only do we need to ensure that the prescription of the velocity (displacement) and temperature (temperature gradient) satisfy certain compatibility requirements in themselves, we have to also ensure that the boundary conditions for the velocity (displacement) and the temperature (or its gradient) have to satisfy certain compatibility conditions, in order for one to have classical solutions. Incompatibility of boundary and initial conditions also leads to a different sort of a problem, namely that of the solvability of the governing equations in that the problem becomes over determined. Interestingly, this over determination of the system is not a consequence of a special constitutive model that we work with; it manifests itself as a problem in a very large class of material models provided the boundary conditions are incompatible. In this short note we discuss incompatibility of the boundary conditions for the velocity and the temperature gradient leading to such an over determination by considering a class of problems which have important technological ramifications. We consider several classes of problems. First, we consider the flow of a heat conducting fluid in a bounded domain and show that unless the velocity and the heat flux satisfy a compatibility condition, we cannot have a solution to the problem. Next, we consider the flow between two parallel plates, with the velocity specified on the plates to be zero, i.e. Dirichlet boundary conditions for the velocity, and the heat flux specified on the plates, i.e. Neumann boundary conditions for the temperature. We show that unless a very special compatibility is satisfied by the boundary conditions, we cannot have a solution for the problem under consideration. We find ourselves in a similar situation in a variety of other flow problems such as flows in a pipe, in viscometers and in an orthogonal rheometer. Thus, the problem of compatibility with regard to the boundary conditions needs to be dealt with very carefully. This point cannot be overemphasized. We illustrate the role that compatibility plays by considering several simple examples wherein from the purely mechanical perspective one usually does not even bother about the restrictions that compatibility plays within a fully thermodynamic setting.
General motion
Let us consider the steady flow of an incompressible heat conducting fluid. Such a flow is described by the following set of equations:
where v is the velocity field, S S S denotes the constitutively determined part of the Cauchy stress, −pI I I is the indeterminate spherical stress due to the constraint of incompressibility, f denotes external body forces, q is the heat flux, e is the internal energy and D D D(v) is the symmetric part of the velocity gradient. We have ignored the radiant heating r in the energy equation but what follows can be modified easily to take into account the radiant heating.
Analysis in a bounded domain
Assume that (1) holds in a bounded domain Ω ⊂ R d and assume that the velocity v| ∂Ω = 0. Then integrating (1) 3 over Ω, using divergence theorem and using the fact that the velocity is zero on the boundary leads to the relation
Next, multiplying (1) 2 by v and integrating again over Ω, using integration by parts and using the fact that the velocity is zero over the boundary, we obtain that
Therefore, we see that the following identity must hold:
Thus, we cannot prescribe an arbitrary heat flux on the boundary. We need to ensure that the compatibility condition (2) holds. Hence, it is evident that system (1) with Neumann boundary condition for q and Dirichlet boundary condition for v is overdetermined. From the physical viewpoint the compatibility condition is equivalent to the following statement, namely that, since the velocity is assumed to be zero at the boundary, the rate of working is due only to the body force and this has to equal the heat conducted at the boundary as radiation has been ignored. Otherwise the temperature would have to change with time but this is not possible as we have assumed that the flow is steady. We next consider a class of flows wherein the velocity need not be zero on the boundary, nor the domain bounded. These class of flows include simple shear flows between infinite parallel plates, flows between infinite concentric cylinders, or flows between infinite parallel rotating plates, and the like, for which one has classical exact solutions.
Simple shear flow
In this subsection we assume that flow takes place in Ω := {(x, y); x ∈ R, y ∈ (0, 1)}. In addition we assume that f = 0 and that the flow is steady. Thus we look for a solution of the form
In this setting, the system (1) reduces to (assuming that S S S is symmetric)
Next, using (3), we see that the pressure has the form
where p 1 is a constant. Thus (3) 1 implies that
Inserting this relation into (4) and integrating over y ∈ (0, 1) we obtain that
The following case brings to the fore a subtle point which is not usually explicitly spelt out in basic textbooks in fluid mechanics, though the authors are obviously well aware of the same. When discussing plane Poiseuille flow from a supposedly "purely mechanical" standpoint, no mention whatsoever is made of the fact that the heat flux at the two plates need to be non-zero. The tacit assumption while discussing plane Poiseuille flow is that the temperature in the flow domain is a constant (in fact, the energy equation is completely ignored during the discussion). However, since the fluid is viscous and hence dissipative, heat is generated during the flow and in order that the fluid be maintained at constant temperature this heat that is generated has to be got rid off. Thus, in this sense, the problem is really a fully thermodynamic problem. In order to understand that the heat flux at the two boundaries cannot be zero, consider the following situation.
The case q
In this case it follows from (6) that u(y) = 0. Since u(0) = u(1) = 0 we see that u has to change the sign at least twice. However assuming that the stress power 4 is nonnegative, i.e., assuming that
we get a contradiction. Indeed, using (5) we see that S 12 changes sign at most once. On the other hand u changes sign at least twice. Therefore (7) cannot be satisfied except when u(y) ≡ 0. This brings up a very interesting point as we know that the parabolic classical plane Poiseiulle solution meets all the above conditions on the velocity. However, it is obvious from the foregoing discussion that the heat flux vector at the two bounding plates cannot be zero. While this seems an obvious physical requirement, the above calculation stemming from the use of the compatibility condition is a rigorous proof that steady plane Poiseuille flow is not possible if the boundaries are perfect insulators of heat.
In this setting we restrict ourselves only to the Newtonian case when S 12 (y) = ν 0 u (y), where for simplicity but without loss of generality we set ν 0 ≡ 1. In this setting we get from (5) (and using the boundary conditions for u, i.e., we get
Inserting this into (6) and also using the information concerning the boundary data we have
4 That the stress power be non-negative is not a consequence of the second law. Even in the case of Newtonian fluids, the second law demands that the difference between stress power and the product of the density and the Helmholtz potential be non-negative. In a Newtonian fluid the Helmholtz potential is a function of the temperature and in a purely mechanical framework (i.e.,under isothermal conditions) the stress power would be non-negative. That the viscosity is non-negative is necessary and sufficient to ensure that the stress power is non-negative. However, in non-Newtonian fluids, it is not necessary that the stress power be non-negative as the Helmholtz potential can depend upon the symmetric part of the velocity gradient (see [6] ).
Thus, we see that not only is p 1 , i.e., the pressure gradient that causes the flow, determined by the boundary data 5 on the top and bottom (and cannot be chosen a priori!), but we also see from (9) that the following condition must hold B − A − u 2 1 ≥ 0 if we want solvability of (1) in this geometry.
Flow in a Couette viscometer
In this subsection we consider Ω := {(x, y); R
2 } and we assume that:
where
In this setting, we obtain that
Substituting these relations into (1) we finally get
Note that (11) implies that
Hence (12) 
and integrating this w.r.t. r 2 we have
Since C 1 is given by (13) and the given boundary conditions for v, we see that (15) plays the role of a compatibility condition, i.e., the heat flux on the boundary has to satisfy the relation (15) and cannot be chosen arbitrarily.
Flow in an infinite straight pipe
In this subsection we consider a flow in Ω := {(x, y, z) ∈ R 3 ; x 2 + y 2 < 1}. We also assume that f = 0. In this setting we look for a solution having the form (we set r
Within such a setting, the problem (1) then reduces to the following system:
Using (16)- (17), we see that the pressure is given by
where the constant C 1 is usually assumed to be known a priori if we assume that the flow is caused by the pressure gradient. Then by a simple manipulation, we can rewrite (17) into the form
Moreover, assuming that the flow is smooth we immediately see that C 2 ≡ 0 and consequently
Consequently, using (21) in (18) and then integrating the result w.r.t. r 2 we can observe
Finally, assuming that we prescribe heat flux on the boundary ∂Ω := {(x, y, z); x 2 + y 2 = 1}, we have q n := q · n = −2κ 0 e (1). Consequently, from (22) we can establish that
Thus, we see that the constant C 1 cannot be chosen a priori but depends on the given flux of the heat through the boundary or if C 1 is picked a priori then the heat flux has to be prescribed in a manner that (23) is met. In other words, if one considers pipe flow together with heat equation then even if the equations for motion and energy are not coupled (this is the case when the viscosity is independent of temperature) the flux on the boundary q n and the gradient of the pressure, i.e., the constant C 1 , are related through (23). So, either we have to say that the flow is given by the pressure gradient and therefore we can compute the flux on the boundary, or the flow is given by the heat flux (necessarily non-negative!) and the pressure gradient is then determined by the flux. Once again, this is a consequence of the requirement that the flow be an isothermal process. In order for the temperature to be constant the heat that is generated in the flow domain has to be conducted away. The heat flux at the bounding surface cannot be zero (or the heat has to be conducted away via the entrance and exit).
Flow in an orthogonal Rheometer
In this subsection, we consider the flow between two parallel disks rotating with the same angular speed, but about distinct axes. We assume that 
The flow given by (24) is a motion with constant principal relative stretch history and thus for all simple fluids, the extra stress is only a function of the first three Rivlin-Ericksen tensor. In the case of this special flow the first three Rivlin-Ericksen tensors are only functions of z. Thus, we can conclude that
